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1. Introduction 



LONG TIME EXISTENCE OF THE SYMPLECTIC MEAN 

CURVATURE FLOW 

XIAOLI HAN, JIAYU LI 

Abstract. Let {M,'g) be a Kahler surface with a constant holomorphic sectional 

curvature fc > 0, and S an immersed symplectic surface in M. Suppose S evolves 

^I^ I along the mean curvature flow in M . In this paper, we show that the symplectic 

mean curvature flow exists for long time and converges to a holomorphic curve if the 

^ i initial surface satisfies |^p < ||i/p + iA: and cosa > ^ or |Ap < ||iJp + |fccosa 

and cos a > ^ . 
ID ■ 

o 
q 

^ ■ Let M be a Kahler surface. Let u be the Kahker form on M and let J be a complex 

d ', structure compatible with u. The Riemannian metric ^ on M is defined by 

g{U,V)=u{U,JV). 

For a compact oriented real surface S which is smoothly immersed in M , the kahler 
>■ ' angle [6] a of E in M was defined by 

(^' 

^ ! where dfx-£ is the area element of S in the induced metric from 'g. We say that S is a 

^ I symplectic surface if cos a > 0. The problem is whether one can deform a symplectic 

surface to a holomorphic curve (cos a = 1) in a Kahler surface. One way is to use mean 
curvature flows (c.f. [2], [19], and [9]), the other way is to use variational method [10]. 
Chen-Tian [5], Chen-Li [2] and Wang [19] proved that, in a Kahler-Einstein surface, 
if the initial surface is symplectic, then along the mean curvature flow, at every time 



>< 
^ ■ t the surface Sj is symplectic, which we call a symplectic mean curvature flow. They 

^ ■ also showed that, there is no type I singularity along a symplectic mean curvature 

flow. The symplectic mean curvature flow exists globally and converges at infinity 

in graphic cases (c.f. [4], and [20]). Han-Li [9] proved that, in a Kahler-Einstein 

surface with positive scalar curvature, if the initial surface is sufficiently close to a 

holomorphic curve, the symplectic mean curvature flow exists globally and converges 

to a holomorphic curve at infinity. The second type singularity was also studied by 

Chen-Li [3], Han-Li [11], Neves [14], Neves-Tian [15], etc. 

Even though one thinks the mean curvature fiows may produce minimal surfaces, 

there are rather few results on the global existence and convergence to a minimal 

surface at infinity of the mean curvature fiows. 
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In this paper, we consider the case that M = CP^, i.e. {M,g) is a Kahler surface 
with constant holomorphic sectional curvature k > 0. We find the condition that 



|A|2 < ||iJ|2 + Ik and cosa > ^ or \A\^ < fji/p + |A;cosa and cosa > |§ is 
preserved by the mean curvature fiow, and consequently, we show that the symplectic 
mean curvature fiow exists for long time and converges to a holomorphic curve at 
infinity if the initial surface satisfies one of the conditions. As we know that it is 
the first long time existence and convergence result without graphic structure or 
small initial data conditions. The main point is to find the pinching condition in our 
theorem, which was inspired by Andrews-Baker [1] and Huisken [8]. 

We believe that, the symplectic mean curvature flow exists globally and converges 
to a holomorphic curve at infinity in a Kahler- Einstein surface with positive scalar 
curvature. 

Acknowledgement: The authors thank Jun Sun, Liuqing Yang and Chao Wu for 
their valuable suggestions. 

2. Preliminaries 

Suppose that S is submanifold in a Riemannian manifold M, we choose an or- 
thonormal basis {cj} for TE and {cq,} for A^S. Recall the evolution equation for the 
second fundamental form /i"- and |Ap along the mean curvature fiow, (see [2], [16], 

[19]) 

Lemma 2.1. For a mean curvature flow F : E x [0, to) -^ M , the second fundamental 
form h"- satisfies the following equation 

d 



df '' 



h% = Ah^ + iV9,K)^,,k + {V9^K) 



akik 



—'^Kiijkh'fj. + 2KafSjkh-i^ + 2Ka(5ikhjf. 
—Kikikhfj — Kikjkhfi + Kakpkhij 
-H'ihihJ, + h%hl) 

-I-/)" h^^ h^ — 9h^ /)" h^ -\- h'^ h^ /)" 
^"'im"'mk'^kj '^"'im"'mk"'kj ^ "'ik'^km'^mj 

+htmhLh^j + h^j < e/3, V^e, >, (2.1) 

where Kabcd is the curvature tensor of M and V is the covariant derivative of M. 
Therefore 

d_ 

dt' 

—AKujkhlkh'^j + 8Kai3jkhikh'^j — AKikikh^h'^j + 2Kaki3khijhij 

+2 E (E(^?.^i. - h%hi)r + 2E(E^S^6)'- (2.2) 

a,fS,i,j k a,f5 ij 

Corollary 2.2. Along the mean curvature flow, the mean curvature vector satisfies 
^\H\^ = A\H\^ -2\VH\^ + 2K^kpkH'^H^ + 2Y.{Y.H''h%f. (2.3) 



\A\^ = A\A\^-2\VA\^ + [{V^,K)^,,k + {V^,K)^k^k]h% 
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Suppose that M is a compact Kahler surface. Let E be a smooth surface in M. 
The Kahler angle of S in M is defined by ([6]) 

uj\y, = cosadfij] 

where dfij] is the area element of S of the induced metric from 'g. We call S a 
symplectic surface if cos a > 0, a Lagrangian surface if cos a = 0, a holomorphic curve 
if cos a = 1. Recall the evolution equation of cos a ([2], [19]), 

Lemma 2.3. Along the mean curvature flow, cos a satisfies 

d — 

(— — A) cos a = |VJstP cos a + Ric{Jei,e2) sin^ a. (2.4) 

where IVJeJ^ = \hlf, — /i2A;P + l^2fc + ^ifcP> {61,62,63,64} is any orthonormal basis 
for TM such that {ei, 62} is the basis for TS and {e^, 64} is the basis for A^S. 

It is proved in [2] and [10] that 

|VJEj'>i|i/r (2.5) 

and 

|Vcosa|2 < sin^alVJE^. (2.6) 

Now suppose M is a Kahler surface with constant holomorphic sectional curvature 
k, then from Theorem 2.1 and Theorem 2.3 in [21], we have 

Lemma 2.4. M has a curvature tensor of the form 

k 

Kkjih = —^[{gkhdji — QjhQki) + {JkhJji — JjhJki) — '^JkjJih]- (2.7) 

Thus M is symmetric. Furthermore, M is Einstein 

K,, = hg,^. (2.8) 

3. Pinching estimate 

In this section we want to show our pinching inequality is preserved by the symplec- 
tic mean curvature flow. Before proving our theorem, we deduce the local expression 
of the complex structure of the Kahler surface. Let M be a Kahler surface with the 
Kahler metric g and S be a real surface in M. Suppose u is the associated Kahler 
form and J is the complex structure compatible with g and u, i.e, 

u{X,Y)=g{JX,Y) = {JX,Y) 

for any X, F G TM. Fix p G M. We choose the local frame of M around p 
{61,62,63,64} such that {61,62} is the frame of the tangent bundle TE and {63,64} 
is the frame of the normal bundle A^S. Suppose 

J6i = a;62 + yes + Z64. 

Then using (JX, Y) = -{X, JY) and 

—61 = a;J62 + yJe^ + -2J64, 



XIAOLI HAN, JIAYU LI 



we have 

a;(Je2,e4) +1/(^63,64) = 
x{Je2,e'i) -2;(Je3,e4) = 
-y{Je-2,e^) - z{Je2,eA) 

Suppose y j^ 0. Set (Je2, 64) = A. Then we have 









Z X 

(^62,63) = — A, (763,64) = — A. 



Thus 



J 



As J is isometric, we have 



f X 
-X 



1/ 

-^A 
y 





X 






A^ 



A 

-^A 
y 





we can obtain that A^ = t/^, i.e., A = ±y. Thus we see that 



J 



f X 

-X 



V 



-y z 

-z -y 



or 



J 



I {) X 

-X 



V 



-y -z 
-z y 



y 

—z 


X 

y 

z 


—X 



y 

-X 

0; 

^\ 

-y 

X 

0; 



(3.1) 



(3.2) 



If y = 0, then by the same argument we can see that J also has the form (3.1) or 
(3.2). By the definition of the Kahler angle, we know that 



X 



COSa = ^(61,62) = (J6i,62). 



If we assume the Kahler form is ant i- self- dual, then J has the form (3.2) 
We begin by estimating the gradient terms: 



Lemma 3.1. For any rj > we have the inequality 

3 o 2 . 2 



ivAr > 



'n + 2 



ri)\\/H\ 



n+2 n+2 



-1 



n 



n — 1 



)\w\ 



(3.3) 



\w 



a\2 



where wf = J2i Kaia, |w"P = Ei \u!^? and |wp = Ec , 

Proof. Similar as [7] and [8] we decompose the tensor VA into 

^ ^"'jk ~ ^ijk 
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where 

2 n 

{n + 2)[n — 1) (n + 2)(n — 1) ■' 

It is easy to get that, (-Ej"^, F^j^) = 0. Furthermore, 

' ' n + 2' ' (n + 2)(n-l)' ' n + 2^ *' ^ 

- \ + 2 '^' ' n + 2^n + 2' n-1^' ' 

We finish the proof of the Lemma. Q. E. D. 

Theorem 3.2. Suppose M is a Kdhler surface with constant holomorphic sectional 
curvature k > and H is a symplectic surface in M. Assume that |Ap < ||-?^P + \k 



and cos a > ^^ holds on the initial surface, then it remains true along the symplectic 
mean curvature flow. 

Proof. From (2.4) and (2.8), we know that 

(— A) cos a = iVJsjpcosa H cosasin^a. 

at 2 



Thus at any time t, cos a > ^^ if it holds on the initial surface. 
Since M is symmetric, by (2.2) we know that 

l-UP = A\A\'-2\VA\^ 

—4:Kiijkh",.h"j + 8Kai3jkhikh"j — iKikikh'^jhfj + 2Kaki3khijh°'j 
+2 E iT.ih?kh% - h%hi)f + 2 E(E ^Mif- 

a,l3,i,j k a, 13 ij 

Now in our case the first four terms reduce to 

-AKujkKkhtj = -4Kuu{h",2? - '^Ku2ih'^,h^2 

= -4Kuu{2{h^2?-^h^ih22) 
= -AKui2{\A\^-\H\^), 



and 



^KapjkhiJl'^j — SKs412hiihi2 + 87^3421 /lj2^jl 

+87^4312 /iji/ij2 + 8-^4321 ^i2^il 

= 16Ku3Aihiht^ -44) 

= 87^1234(1^1' -IVJe/), 
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and 



^212 



-4i^i,i,UP, 



and 



'2Kaki3k hij hfj = 2K^k3k ( h^j ) ^ + 2-ft'4A;4fe ( h'j^j ) ^ + 4:K^kAk h^j h'^j 

= 3k\A\'-2K,,,,\A\\ 
where we have used the equahty (2.8). Therefore, 

^UP = A|A|2-2|VA|2 

+8(7^1234 - K,212)\A\'' + 3k\A\^ - 27^34341^1' 

+4K,2i2\H\^-8Ku3A\VJj,f 

+2 E (E(^r./^i - h%hi)r + 2 E(E ^S<)'- (3-4) 

a,(5,i,j k a, (5 ij 

Similarly, the evolution equation of |/Jp becomes 



H\'^ = AlHl"^ -2\VH\^ + 3k\H\'^ -2K3434\H\ 



d 

— liir = /\\Mr -2\\/Hr + 3k\Mr -2A3434 
at 

+2E(E^"^r,f- (3-5) 



Using (3.2) we get that, 

k 
^1212 = ^3434 = 7(3 cos^ a + 1); 

7^1234 = ~{z^ + y^-2x^) = ^{?>cos^a-l). (3.6) 

Putting (3.6) into (3.4) , we get that 

|-|A|2 = A|A|2-2|VA|2-A;|A|2-|(3cos2a + l)|A|2 

2„ I iMrj|2 oL^Q„„„2„ i\IV77 |2 



+A;(3cos^ a + l)|/7r - 2A;(3 cos^ a - 1)1 VJst 

+2 E (E(^?.^J-^i.^f.))'+2E(E^r,^J; 



'^jfc "'jk'^ikJJ "*" •^ / A / y ' ''i j ' ''?' 1 / ■ 
a,l3,i,j k a, 13 ij 



Using the inequality (2.5) and cos a > ^^ > ^, we obtain that 

|-|A|2 < A|A|2-2|VA|2-A;|Ap-|(3cos2a + l)|Ap + 2A;|/J|2 

+2 E (E(^r./^i.-^".^f.))' + 2E(E^"4)'- (3-7) 

a,l3,i,j k a, 13 ij 
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Similarly, 

— \H\'^ = A\H\^-2\VH\'^ + 3k\H\'^--{3cos^a+l)\H\^ 

+2Y.{T.H''h-^f- (3-8) 

ij a 

Set Q = |A|2 - ||if |2 - bk. Therefore, 

^g < AQ-2(|VA|2-^|Vi/|2)-A;|A|2 
-|(3cos^a + l)(|Ap-^|/jn 

a,l3,i,j k o,/3 ij 

ij a 

< AQ- 2(1 VAp - l\VH\^) - ^(3 cos=^ a + 1)Q 
- — {3cos^a + l)-k\A\^ 

+2 E (E(^?.^i.-^i.^f.))' + 2E(E^S^g)' 

a,l3,i,j k a, 13 ij 

-^E(E^"^r,)'- (3.9) 

First we estimate the gradient terms in (3.9). In (3.3) we choose rj = -^,n = 2, 
then 

\VA\^>-\VH\'-2\w\^, 



where 



l"^l ~ -^^3212 ' -^^3121 ' -'^^4121 ' -^^4212- 



Using (3.2) again, we obtain that 



qu2 qi,2 qu2 

I |2 '^"^ / 2 2 I 2 2\ '^"^ 2/1 2\ ^"^ 2-2 

w = [x z + X y ) = X [1 ~ X ) = COS a sm a. 



Thus 



I VA|2 > -I V^l' - ^ cos=^ « sin^ a. (3.10) 

In order to estimate the other terms in (3.9) we do the same way as in [1]. Set 

Rl = Y,a,l3,i,j{Y,k{hfkhjk — h^k'^ik)) i -^2 = Ha,l3\Jlij hfjh^j) , its = Y,ij{Y,a H°'h"j) . 

At the point \H\ ^ 0, we choose {63,64} for NY, such that 63 = Hl\H\ and choose 
the {61, 62} for TS such that /if^ = Aj^jj . Set /i^- = /i^- + ^H°'gij, then /i^^- = hfj, Kf^ = 
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h^j — j\H\gij. Since (h^j) is diagonal, we see (h^j) is also diagonal. Set (h^j) = \i6ij. 
Denote the norm of (hfj), {h"^) by |/iq,|, \ha\ respectively. Ri,R2,R3 reduce to 

a,l3 ij 
a,P,i,j k i,j k 



Using the fact that (/if) is diagonal , then we have 



E4^i)' = (EA./^^)' 

ij i 

< (EA/)(E(^^.n = l^3^E(^^.)^ 



i:cL(hih%-h%ht,)f = Y.i\-\,f{hi 



i,j k i^j 

i¥=j 



< E2(A^ + A,T(/.: 

i¥=j 

< 2|A3pE(^: 






a) )■> 



so 



Therefore, 



(E h^M^r + uuhVh% - h%htk)f < 2\H'\k?. 

ij i,j k 



2R1 + 2R2--R3 < 2\h3\'' + 2\h4\^ + -\k\^\H\^ 



■l\H\^ + 8\k\^\k\^. (3.11) 

o 



Using these inequalities together with (3.10), we obtain that 
— (^ < A(y H COS asm a (3 cos a + 1)Q 

CJly Zi Zi 
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— — {?,cof? a + I)- k\A\^ 

6 

Sine |iJp = 6(1 /i3p + \hi\'^ — Q — bk), putting it into the above inequality we obtain 
that 

^Q < AQ-6Q2 

+ [8|/i3p + 12|/i4|2 - 126/c + 3k- — (cos^ a + 1)](5 

bk'^ 9k'^ 
(3cos^ a + 1) -\ cos^ asin^ a + 3bk^ — 6b^k^ 

-4\h4\* + 4k{2b - l)|/i3p + 4k{3b - 1)1^4^ 

< AQ-QQ^ 

3k 

+ [8|/i3r + 12|/i4p - I2bk + 3k- — (cos^ a + 1)]Q 

+4k{2b - l)|/i3|2 - (2|/i4|' - k{3b - 1))2 + e{3b - 1)2 

(3 cos a + 1) H cos a sin a + 3bk — 6b k 

3k 

< AQ- 6Q2 + [8|/i3p + 12|/i4p - 12bk + 3k- — (cos^ a + 1)]Q 

-(2|/i4p - A:(36 - lyf + 4k{2b - l)\k\^ 

+k'^{3b'^ - -6 + 1) + A;2 cos^ a{- sin^ a- -b). 

If 26 - 1 < and 36^ - |6 + 1 < 0, then b must be equal to i. If | sin=^ a - §6 < 0, 
then sin^ a < |, i.e, cos^a > |. 

At the point |iJ| = 0, we use the following inequality (see [17], [13]), 

2 E(E(^?.4-^>f.))' + 2E(E^S<-f < 3|A|^ (3.12) 

a,IB,i,j k a, in ij 

Thus, using (3.10) and (3.9) we obtain 

d 9A;2 

—Q < AQh cos^asin^a- A;|A|2 

ot 2 

--{3cos^a + l)\A\^ + 3\A\\ 

Since |-ff | = 0, we have \A\'^ = Q + bk. Thus, 

d 9A;2 

-—Q < AQ H cos^ a sin^ a 

ot 2 

3k 

(cos^ a + l)iQ + bk) + 3{Q + bkf . 



< AQ H — — cos^ a sin^ a 

+ [3(|A|2 + 6A;)-y(cos2a + l)]Q 
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- COS a 

3k 

A\^ + bk) - 

— — (cos2a + l) + 36^A;2 
< Ag+[3(|A|2 + 6A;)-y(cos=^a+l)]g 

+3bk'^{b --) + k^ cos^ a(- sin^ a-—). (3.13) 

Thus we need choose b < ^ and sin^ a; < 6/3. 

Therefore, we choose b = -^ and cos^ a > §• Then we have 

^Q < AQ + CQ. 
Applying the maximum principle for parabolic equation, we see that 

g<o 

if it holds on initial surface. Q. E. D. 

Remark 3.3. During reading our paper, Yang Liuqing found the condition that \A\'^ < 
A|ifp + "^^Y^k and cos a > y-^lx^ A/2 < A < 2/3) is preserved by the syvnplectic 
mean curvature flow. 

4. Long time existence and convergence 

In this section we prove the long time existence of the symplectic mean curvature 
flow under the assumption of Theorem 3.2. 

Theorem 4.1. Under the assumption of Theorem 3.2, the symplectic mean curvature 
flow exists for long time. 

Proof. Suppose / is a positive function which will be determined later. Now we 
compute the evolution equation of ,i j, . . 

.d \H\' ^ (|-A)|/JP |/7Pf(|-A)cosa 

dt /(cos a) /(cos a) /^(cosa) 

|ffP/"|Vcosap fVcosa _ liJP 



It follows that. 



/2(cosa) / /(cos a) 



'— A) cos a = |VJstP cosa + -/csin^ acosa 

> I VJstP cos a. 
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By (3.8) and cos^ « > |, we have 

^dt ^' ' - 4 

Putting the above inequahty into the evolution equation of ,M ^ , we get that 



-A)-^ — ^ < 2^^ V- ' ' 



dt /(cos a) / /(cosa 

4 



f{f\H\^ + 2\H\^\A\^) - |iJ|V|VJsJ'cos« + \H\^f"\V cos a\^ 



P{cosa) 



< 2^:^^.v 1^1' 



/ /(cos a 

t 



/(f |/7|2 + 2|iJ|2(||iJ|2 + I) - \H\^f'\VJj:,\^cosa + \H\^f"\V cos a\^ 



/2(cos«) 



fVcosa _ \H\^ 9, liJP 



/ /(cos a) 4 /(cos a) 



4f|rr|4 vl30 I rr|2 f/l W T |2 i 1 I rT|2 f //I vy T 12 



/^(cosa) 

where we have used (2.6), sin^ <^ — I ^^^ *^ assume /' > 0, /" > 0. We want to find 
/ such that 

tf\H\'-{^f'-lf'WJ^f<0. 
6 



We will find / such that ^/' - i/" > 0. Noticing (2.5), it suffice to have 

P\H\'-l(V30f-n\H\'<0, 

i.e, 

^/-^(\/30/'-/")<0. 

Set g = Y^ then ^ = g' + g"^, then it reduces to solve the inequality 



4 V30 1 2 1 / ^ n rV30 ^, 

3-7^^+12^+12^ < o,.e[^,i], 

and 



g' + g' > 0, xG[^,i]. 



Assume that g = —16x + b, where 6 is a constant, then it reduces to solve 



/on 

4 < -16a; + b< VSO, x e \- — , 1]. 

6 
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Therefore we choose b such that 



'30 
20 < 6 < 8^ + VSO. 

We can choose b = 20, i.e, 

I- _ -8a;2+20a; 

Thus 

a ^^ |i/|2 fVcosa _ li/P 9, li/P 

( A)— ^ — ^ — < 2- V— ^ — h -k— — ^ — . 

dt f{cosa) f /(cos a) 4 /(cos a) 

This imphes that 

I WIS I f7|2 

/2 9fe , Lo , , 



Since ^^ < cos a < 1, /(a:) is bounded in [-^, 1], we have 



|2 / r^ .^t 



5 



/(cos a) /(cos a) 

\H\'' < Coe^ 

where Co depends only on maxsg |-f^p. Pinching inequahty imphes |Ap < Coe~* + |. 
We finish the proof of the theorem. Q. E. D. 

Remark 4.2. It was pointed out by Yang Liuqing that we could choose the linear 
function / = a; — | in the proof of the above theorem. 

Theorem 4.3. Under the assumption of Theorem 3.2, the symplectic mean curvature 
flow converges to a holomorphic curve. 

Proof. We can rewrite the evolution equation of cos a 

(— — A) cos a = iVJEtpcosQ; + — cosasin^a. 

as 

d — 

(— - A)sin2(a/2) = -IVJe/coso - 6A;sin2(a/2) cos2(a/2) cosa (4.1) 

< -csin2(a/2), (4.2) 

where c > depends only on k and the lower bound of cos a. Applying the maximum 
principle, we get that sin^(Q;/2) < e~^. By Theorem 4.1 we know that the symplectic 
mean curvature fiow exists for long time. Thus for any e > 0, there exists T such 
that as t > T, we have 

cosa > 1 — e, 

sin a < 25, 

iVcosap < 2e|VJEj^ < 4e|Ap. (4.3) 

Therefore, 



-"I 



'— A)cosq; > -|iJpcosQ; + -/csin^ acosa 

> f-|Ap )cosaH — A; sin^ a cos q; 
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> ^(i-^)I^P-y- (4.4) 

From (3.4) we see that 

(^ - A)\A\' < -2|VA|2 + Ci\A\^ + C2\A\^ + Cs, 

where Ci, C2, C3 are constants that depend on the bounds of the curvature tensor of 
M. 

Let p > 1 be a constant to be fixed later. For simphcity, we set u = cos a. Now we 
consider the function -LL. 



+ _LreP«(^ - A)|A|2 - U|2(-^ - A)eP"l 



Using (4.3) we obtain that, 

(#-A)^ < 2pV(^)-V« 



-^[(Ci - ^(1 - e) + 4/.)|Ar + C,\A\' + Cs]. 



Set p^ = 1/e, then 



4 4 4 

As t is sufficiently large, i.e. e is sufficiently close to 0, we have 



So, 



(Ci-^£-U^£^+4)<-l. 

^4 4 ^ ~ 



— -A^^ < 2pV^ ■Vm-^ + C4^ + — 



\A\^ 



Applying the maximum principle for parabolic equations, we conclude that ^^ is 
uniformly bounded, thus \A\'^ is also uniformly bounded. Thus F{-,t) converges to 
Foo in C^ as t — )■ 00. Since sin^(a;/2) < e~'^*, we have cos« = 1 at infinity. Thus the 
limiting surface F^o is a holomorphic curve. 

Q. E. D. 
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5. Another pinching estimate 
In this section, we will derive another pinching condition. 

Theorem 5.1. Suppose M is a Kdhler surface with constant holomorphic sectional 
curvature k > and H is a symplectic surface in M. Assume that |Ap < ||-f/^P + 
|A;cosq; and cos a > ||| holds on the initial surface, then it remains true along the 
symplectic mean curvature flow. Furthermore, the symplecitic mean curvature flow 
exists for long time and converges to a holomorphic curve at infinity. 

Proof. From (3.7), (3.8), we see that, 

^\A\^ < A\A\^-2\VA\^-k\A\^--{3cos^a + l)\A\^ + 2k\H\^ 

+2 E (E(^r./^ifc-^i.^f.))' + 2E(E^S4)'' 

a,l3,i,j k a, 13 ij 

and 

— \H\'^ = A\H\'^-2\VH\'^ + 3k\H\'^--(3cos^a + l)\H\'^ 
at 2 



+2E(E^"^S 



|2. 
I]) 



Set Q = \A\^ - ||i/p - bk cos a. Then we have, 

^Q < AQ-2i\VA\^-^\VH\')-k\A\^ 
ot 3 

-^{3cos^a + l){\A\^-l\H\^) 

3 

— 6A;(|Vst</pcosQ; H — /ccosasin^ a) 



+2 E (E(^r./^f.-^i.^f.))'+2E(E^s^S; 



^-htj? 



..l2 
a,l3,i,j k a, 13 ij 

ij a. 

< AQ- 2(|VAp - l\VH\^) - ^(3 cos" a + 1)Q 

bk 

—2bk^ cosa — klAl"^ cosaliJP 

I I 2 II 

+2 E (E(^r./^i-^i.^f.))' + 2E(E^S<-)' 

a,l3,i,j k a, 13 ij 

"^ ij " 
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By an argument similar to the one used in the proof of Theorem 3.2, at the point 
H j^ we can get that 

d 9k'^ k 

—-Q < AQ -\ cos^asin^a (3cos^q; + 1)Q 

at 2 2 

bk 

—2bk'^ cosa — /clAP cosalHl'^ 

I I 2 ' ' 

+2\k\^ + 2|/i4|' + l\k\'\H\^ - l\H\^ + 8\k\'\k\'. 

6 

Sine |iirp = 6(|/i3p + |/i4p — Q — bk cos a), putting it into the above inequahty we 
obtain that 

^Q < AQ-6Q^ 

k 
+ [8|/i3|^ + 12|/i4|^ - 96A;cosa + 3A; - -(3cos2a + l)]Q 

9k^ 
H cos^ a sin^ a + bk"^ cos a — Sb'^k'^ cos^ a 

-41^4^ + A;(56cosa -4)1^31^ + A;(96cosa - 4)|/i4|^ 

< AQ-QQ^ 

k 
+ [8|/i3p + 12|/i4p - 96A;cosa + 3k - -{3cos^a + 1)]Q 

k k"^ 

+k{5bcosa- 4)|/i3p - (2|/i4p - -(96cos« - 4))^ + — (96cosa - 4)^ 

9F 

I 2 -2 I I,; 2 oj27 2 2 

+ -— COS asm a + bk cosa — Sbk cos a 

< AQ-QQ^ 

k 
+ [8|/i3r + 12|/i4r - 96A;cosa + 3A; - -(3cos2a + 1)]Q 

k 
+k{5bcosa- A)\h3\^ - {2\h^\^ - -{9bcosa- A)f 

k^ 

H (336^ cos^a — 566 cos a + 16 + 72cos^ asin^a) (5.1) 

16 

Now we need choose b and the lower bound of cosa such that 56 cos a — 4 < and 

336^ cos^ a — 566 cos a + 16 + 72 cos^ a sin^ a < 0. 
First we choose 6 = |, then we need 

5 ' 

33 X — cos a — 56 X - cos a + 16 + 72 cos a sin a < 0. (5.2) 

ZiO 

Assume that cosa > 6. If 

16 4 

33 X — cos^a-56 x - cosa + 16 + 72(1 - cos^ a) < (5.3) 

25 5 
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holds, then (5.2) holds. Solving (5.3), we get that 



6 > — . (5.4) 

- 265 ^ ^ 

At the point H = 0, using (3.12), we have 

8 9 k 

(-—■ — A)Q < -/c^ sin^ acos^ a — — (3cos^ a + 1)Q 
at 2 2 

-2bk'^cosa-k\A\'^ + 3\A\'^. 
Putting |Ap = Q + bk cos a into the above inequality, we get that, 

d k 

(— -A)g < [SilAl"^ -bk cos a) + Qbkcosa-k- -{3cos'^a+l)]Q 

9 
+ - /c^ sin^ a cos^ a — 3bk^ cos a + Sb'^k'^ cos^ a. 

2 

Choose 6 = 1 and assume that cos a > 6, then we need 

5 — ' 

9/1 2N 12 48 2 /n 

-(1 — COS a ) cosa H cos a < 0. 

2^ ^5 25 



Solving it we get that 

6>—. (5.5) 

- 129 ^ ^ 

Compare (5.4) and (5.5), we choose S > ^ and & = |- 

The global existence and convergence of the symplectic mean curvature flow can be 
proved in a similar manner as the one used in the proof of Theorem 4.1 and Theorem 
4.3. Q. E. D. 

Remark 5.2. It is clear that the pinching condition |Ap < ||ifp + |A;cosa is better 
than the condition that |Ap<||i^p + i/c. On the other hand, the condition cos a > 



References 



^^ is better than cos a > ^. 

b — 265 



[1] B. Andrews and C. Baker, mean curvature flow of pinched submanifold to spheres, J. D. G., 

85 (2010), 357-395. 
[2] J. Chen and J. Li, Mean curvature flow of surface in 4^-manifolds, Adv. Math., 163 (2001), 

287-309. 
[3] J. Chen, J. Li, Singularity of curvature flow of Lagrangian submanifold, Invent. Math. 156 

(2004), no.l, 25-51. 
[4] J. Chen, J. Li and G. Tian, Two-dimensional graphs moving by mean curvature flow, Acta 

Math. Sin. (Engl. Ser.), 18 (2002), 209-224. 
[5] J. Chen and C. Tian, Moving symplectic curves in Kdhler- Einstein surfaces, Acta Math. 

Sinica, English Series, 16(2000), 541-548. 
[6] S. S. Chern and J. Wolfson, Minimal surfaces by moving frames, Amer. J. Math., 105 (1983), 

59-83. 
[7] R. S. Hamilton, Three-manifolds with positive Ricci curvature, J. DifF. Geom., 17 (1982), 

255-306. 



LONG TIME EXISTENCE OF THE SYMPLECTIC MEAN CURVATURE FLOW 17 

[8] G. Huisken, Flow by mean curvature of convex surfaces into spheres, J. Diff. Gcom., 20 (1984), 

237-266. 
[9] X. Han and J. Li, The mean curvature flow approach to the symplectic isotopy problem, IMRN, 

26 (2005), 1611-1620. 
[10] X. Han, J. Li, Symplecitc critical surfaces in Kdhler surfaces, J. Eur. Math. Soc. (JEMS) , 

12(2) (2010), 505-527. 
[11] X. Han, J. Li, Translating solitons to symplectic and Lagrangian mean curvature flows, Inter- 
nal. J. Math. 20(4) (2009), 443C458. 
[12] T. Ilmanen, Singularities of mean curvature flow of surfaces. Preprint, 1997. 
[13] A. M. Li and J. M. Li, An intrinsic rigidity theorem for minimal submanifolds in a sphere. 

Arch. Math., 58 (1992), 582-594. 
[14] A. Neves, Singularities of Lagrangian mean curvature flow: zero-Maslov class case. Invent. 

Math. 168(3) (2007), 449C484. 
[15] A. Neves and G. Tian, Translating solutions to Lagrangian mean curvature flow, 

arXiv:071 1.4341. 
[16] K. Smoczyk, Angle theorems for the Lagrangian mean curvature flow. Math. Z., 240 (2002), 

849-883. 
[17] S. S. Ghern and M. do Garmo and S. Kobayashi, Minimal submanifolds of a sphere with second 

fundamental form of constant length. Functional Analysis and related Fields, Springer, New 

York, 1970. 
[18] B. White, A local regularity theorem for classical mean curvature flow, preprint, 1999, revised 

2002. 
[19] M.-T. Wang, Mean curvature flow of surfaces in Einstein four manifolds, J. DifF. Geom., 

57(2001), 301-338. 
[20] M.-T. Wang, Long-time existence and convergence of graphic mean curvature flow in arbitrary 

codimension. Invent. Math. 148 (2002), 525-543. 
[21] K. Yano, Differential Geometry on Gomplex and Almost Gomplex Spaces, Pcrganion press, 

1965. 

XiAOLi Han, Department of Mathematical Sciences, Tsinghua University, Beijing 
100084, P. R. OF China. 

E-mail address: xlhan@math.tsinghua.edu.cn 

JiAYu Li, School of Mathematical Sciences, University of Science and Technology 
OF China Hefei 230026, AMSS CAS Beijing 100190, P. R. China 
E-mail address: lijia@amss.ac.cn 



